In this paper we study photon pairs generated in a nonlinear cavity, composed of a nonlinear crystal surrounded by mirrors, by the process of spontaneous parametric downconversion. We analyze two different regimes: singly-resonant cavities where the signal and idler modes are resonant, and doubly-resonant cavities where the pump mode is also resonant. We present analytic expressions for the joint spectral amplitude in these two cases, and study the reduction in emission bandwidth as the cavity coefficient finesse is increased. We also study the enhancement of the source brightness resulting from the presence of the cavity.
In this paper we study photon pairs generated in a nonlinear cavity, composed of a nonlinear crystal surrounded by mirrors, by the process of spontaneous parametric downconversion. We analyze two different regimes: singly-resonant cavities where the signal and idler modes are resonant, and doubly-resonant cavities where the pump mode is also resonant. We present analytic expressions for the joint spectral amplitude in these two cases, and study the reduction in emission bandwidth as the cavity coefficient finesse is increased. We also study the enhancement of the source brightness resulting from the presence of the cavity.
I. INTRODUCTION
Photon-pair sources produced by the process of spontaneous parametric downconversion (SPDC) have been used in many experiments ranging from fundamental tests of quantum mechanics to practical implementations of quantum-enhanced technologies. In past work it has been demonstrated that engineering the phasematching properties of nonlinear crystals, together with the appropriate selection of the pump characteristics, can result in the emission of photon pairs with a wide range of defining features. Thus, particular phasematching regimes have been exploited for the generation of on the one hand factorable [1] , and on the other hand ultra-broadband photon-pairs [2] . However, phasematching in nonlinear crystals cannot typically be engineered for the emission of narrowband photon-pairs, which represents a critical component for the efficient coupling of single photons to specific transitions of atomic systems. Even a very long nonlinear medium (for example in a fiber-based, spontaneous four wave mixing source) which leads to a phasematching function with narrowband features in the space of generated frequencies, does not typically lead to narrowband photon-pair emission. In this paper we present a theoretical analysis of the process of spontaneous parametric downconversion in a nonlinear cavity, formed by a nonlinear medium surrounded by mirrors. This physical system represents a viable method for attaining narrow-band photon-pair generation.
Mirrors placed around an SPDC source, so that photon-pair amplitudes from different passes through the nonlinear crystal can interfere with each other, can lead to the suppression or to the enhancement of photon pair generation [3] . The presence of a high-finesse Fabry Perot cavity around the nonlinear crystal leads to interference between multiple time-displaced photon-pair probability amplitudes, which results in the suppression of photon pair emission at certain frequencies, and to the enhancement of photon pair emission at other frequencies. With an appropriate source design, this approach may be exploited to engineer a photon-pair source to emit at particular narrowband spectral regions of interest. Typical SPDC sources can have a bandwidth in the region of tens to hundreds of nm. This corresponds to in the region of six orders of magnitude greater bandwidth for SPDC photon pairs (around hundreds of THz) than the typical bandwidth of an atomic transition (around tens of MHz). Building on work by König et al. [4] , Fedrizzi et al. [5] , Kuklewicz et al. [6] and Wang et al. [7] , recent papers by Neergaard-Nielsen [8] and Haase et al. [9] have experimentally demonstrated SPDC sources with an emission bandwidth in the tens of MHz, tailored for specific atomic transitions.
The generation of narrowband photon pairs through cavityenhanced SPDC represents the starting point and motivation for the present paper. Narrowband emission of course leads to a corresponding effect in the time domain. Indeed, the correlation time, i.e. the width of the time of emission difference between the signal and idler modes, is correspondingly broadened as the photon pair emission bandwidth is decreased. This effect has been exploited in order to circumvent the experimental difficulty of resolving the photon-pair correlation time with available photodetectors [10] [11] [12] . Another promising aspect of cavity-enhanced SPDC is that under appropriate conditions it can lead to an enhancement of the rate of emission [13] .
In this paper we study the process of spontaneous parametric downconversion (SPDC) in a nonlinear cavity with a pulsed pump. In realistic examples where the bandwidth of the photon-pair source is sufficiently narrow to match that of an atomic transition, we utilize a small-bandwidth limit of the analysis developed here: a regime where the pump bandwidth corresponds to the linewidth of a continuous-wave laser. A basic assumption throughout this work is that the process remains spontaneous, i.e. that despite possible multiple passes through the cavity of the pump pulses and generated photon pairs, at most a single photon pair is created by each pump pulse. We will study two different regimes for the non-linear cavity: i) the singly-resonant case, by which we mean that both signal and idler (which may be frequency degenerate or non-degenerate) are resonant, and ii) the doubly-resonant case, by which we mean that in addition to the signal and idler photons, the pump is also resonant. We will also explore the effect of the presence of the cavity on the emitted photon-pair flux, and will present a specific source design tailored for coupling to a particular atomic transition.
II. SINGLY-RESONANT CAVITY
In this section, we concentrate on cavity-enhanced SPDC in the singly-resonant case; this implies that both mirrors are perarXiv:1006.0050v1 [quant-ph] 1 Jun 2010 fectly transmissive for the pump mode. Thus, in this regime each pump pulse interacts with the crystal only once, and the two-photon e mission characteristics are subsequently modified through multiple reflections of the signal and idler photons at the two cavity mirrors. Note that in general for each of the signal and idler modes, there will be two output modes i.e. backward-propagating, transmitted by the left-hand mirror and forward-propagating, transmitted by the right-hand mirror. In this paper we aim at capturing the essential physics of cavity-enhanced SPDC without the complexity of four output modes. Thus, we assume that the left-hand cavity mirror is perfectly reflective for the signal and idler modes, so that all emitted photons are forward-propagating, transmitted by the right-hand mirror. Also, for simplicity, in this paper we concentrate on the frequency-degree of freedom. A physical system to which this spectral-only description is directly applicable is a cavity formed by a non-linear waveguide with a built-in mirror on either side (e.g. Bragg mirrors). Fig. 1(A) shows a schematic of the source under consideration; we label the left-hand and right-hand mirrors as 1 and 2 respectively and indicate the crystal length and cavity length L. For L > , we make the assumption that there are no reflections at the air-crystal and crystal-air interfaces. Note that we can approach this situation using anti-reflection coatings. In a realistic application it may be more practical to incorporate Bragg reflectors directly to the extrema of the nonlinear medium.
In the calculation presented below for generality we use different symbols for signal and idler quantities, in order to include in our description the frequency non-degenerate case. We assume that mirror 1 has an amplitude reflectivity r 1µ = e iδ1µ for each of the signal (µ = s) and idler (µ = i) modes, while mirror 2 has amplitude reflectivity r 2µ = |r 2µ |e iδ2µ . As has already been stated, we assume that the reflectivity for the pump pulses, in both mirrors, is zero.
We assume that the SPDC crystal fulfills type-I phasematching, with co-polarized signal and idler modes. In order to proceed with our analysis, we employ an equivalent physical system which consists of an unfolded cavity in which all waves propagate in the forward direction. By making all waves forward-propagating, the cavity becomes a infinite sequence of crystals, each surrounded by two mirrors, as shown schematically in Fig. 1(B) .
At the second face of the first crystal in the unfolded cavity, the two-photon state is identical to that which would be observed without a cavity. We may write down this state as follows
where f (ω i , ω s ) represents the joint spectral amplitude, and a † µ (ω µ ) represents a creation operator at frequency ω µ for the intra-cavity mode (where µ = s, i). The joint spectral amplitude may be written in turn as
in terms of the pump envelope function α(ω s + ω i ), the phasematching function φ(ω i , ω s ), and spectral filter functions F µ (ω) (with µ = s, i). In this paper we model the pump envelope function as a Gaussian
in terms of the pump central frequency ω p0 and the pump spectral width σ.
Immediately preceding the first mirror 2 of the unfolded cavity, the single photon Fock state |ω µ appearing in Eq. 1 becomes
where γ = ω(L − l)/(2c) refers to the propagation phase over the segment of free space from the crystal's second face to mirror 2. The action of the first mirror 2 is to split the intracavity modeâ(ω) into two modes, one of which corresponds to the same intra-cavity modeâ(ω) and the second of which, to be referred to asb(ω), refers to the transmitted, free-space mode. Thus, the single photon Fock state immediately following the first mirror 2 becomes
in terms of corresponding transmission t νµ and reflection r νµ amplitude coefficients for mirror ν (with ν = 1, 2) and for mode µ (with µ = s, i). Carrying out an analysis for the propagation between subsequent mirrors 2 and transmission/reflection at each mirror 2, we arrive at the following expression for the state into which the original signal/idler single-photon Fock has evolved, immediately following the nth mirror 2
where Γ µ represents the phase accumulated by a photon µ in the extra-cavity mode during the period of time taken by an intra-cavity-mode photon to traverse the unfolded cavity from a mirror 2 to the subsequent mirror 2. In the specific case where L = , this coefficient is given by
where denotes a frequency derivative. The quantity θ µ = ω µ (L− )/c+ n µ (ω µ )ω µ /c, where the frequency dependence is implicit, refers to the phase accumulated during one pass of photon µ through the nonlinear crystal. Carrying out the sum in Eq. 4 analytically, we can write the component of the quantum state for which both photons are in the extra-cavity mode after n iterations of the cavity as
in terms of cavity-modified joint spectral amplitude function f
in turn defined in terms of function C (n)
where
For the analysis which follows, we are interested in the quantum state corresponding to the limit where both photons are in the extra-cavity mode: that is, we consider a sufficient number of reflections (cavity iterations) so that the amplitudes which involve at least one intra-cavity photon are negligible. Mathematically, this corresponds to the limit n → ∞. In this limit, we may obtain an expression for the resulting joint spectral intensity.
written in terms of the Airy function A µ (ω) (with µ = s, i)
defined in turn in terms of the coefficient of finesse F µ , given by
and the phase factor ∆ µ (ω), given by
The Airy function A µ (ω) (Eq. 10) yields a sequence of equal-height peaks with width δω and spectral separation ∆ω, also referred to as free spectral range. Note that the reflectivity does not appear squared in Eq. 11 as in typical Fabry-Perot cavity treatments because in our case one of the two cavity mirrors is assumed to be perfectly reflective. At each of the resulting peaks of function A µ (ω), the cavity is resonant for photon µ. Note that if resonance is not achieved at the desired frequencies of operation, it is possible to adjust the reflection phases δ 1µ and δ 2µ to ensure resonance. Under the approximation that the index of refraction remains constant between the central peak (at ω s = ω i = ω 0 ) and the subsequent (or preceding) peak, we obtain the following expressions for δω and ∆ω
and
where n(ω 0 ) represents the index of refraction evaluated at the central SPDC frequency. In order to illustrate the preceding discussion, we consider here a specific example. We consider a nonlinear cavity formed by a beta-barium-borate (BBO) crystal of thickness L = 20µm, within a cavity of the same length, i.e. with L = . We assume that the pump is centered at 400nm, with a full width at half maximum of 5nm, while the SPDC photon pairs are centered at 800nm. For this illustration, we assume that while the reflectivity of mirror 1 (at the SPDC frequency) is unity, the reflectivity of mirror 2 is |r 2 | = 0.73. Although a relatively low mirror 2 reflectivity value is assumed here for graphical clarity in the figure which follows, in a realistic cavity-based, narrow-band SPDC source design (see section V), a reflectivity value much closer to unity is likely to be required. Also note that for the short crystal length considered here, the bandwidth of the cavity-allowed modes δω is much smaller than that of the phasematching function φ(ω i , ω s ); in this illustration we have assumed the presence of a spectral filter, with a Gaussian transmissivity function and full width at half maximum ∆λ = 30nm, along the path of the SPDC photons following the non-linear cavity. We have selected values for the reflection phases δ νµ (with ν = 1, 2 and µ = s, i) to ensure that the phase factor ∆ µ (ω) vanishes at the central signal and idler frequencies. Fig. 2 (A) shows a plot of the joint spectral intensity function |f (ω i , ω s )| 2 , i.e. which would be obtained without a cavity. Fig. 2 (B) shows a plot of A (ω s )A (ω i ); this function describes the effect of the interference which occurs due to multiple photon-pair reflections, on the resulting cavity-modified joint spectral intensity. As can be observed, A (ω s )A (ω i ) corresponds to a square array of well-defined spectral cavity-allowed modes, with spectral width δω and with separation between modes ∆ω. Fig. 2(C) shows the cavity-modified joint spectral intensity S SR (ω i , ω s ) (see Eq. 9). This mode structure is also ap- Fig. 2(D) ], which represents the spectrum of single photons in the signal mode. As can be seen from the preceding two plots, the effect of the cavity on the two-photon state is to select those pairs of frequencies which correspond to cavityallowed modes. The main motivation for our work is to develop sources of nearly monochromatic photon pairs, where the signal and/or idler photons can be well-matched in central frequency and in bandwidth to specific atomic transitions. As can be seen from Eq. 13, the bandwidth of cavity-allowed modes scales with the cavity coefficient of finesse F as F −1/2 . Thus, a large coefficient of finesse, which corresponds to a high-quality cavity, leads to an important reduction in SPDC bandwidth. We also note that in the case where the cavity and crystal have equal lengths (L = ), both the mode spectral width δω and the spectral separation between modes ∆ω scale with cavity length L as L −1 . In a practical implementation, it is desirable that a single cavity mode can be isolated, so that an idler detection event unambiguously heralds a single photon in the intended cavity mode. Shorter cavities imply a larger separation between modes ∆ω, which facilitates the isolation of a single cavity mode by transmitting the photon pairs through an appropriate narrow-band filter. On the other hand, because flux scales with cavity length it is from that perspective desirable to make the cavity length as large as possible. With this in mind, we propose a two-stage recipe for designing a nonlinear cavity source of photon pairs. i) The minimum separation between cavity modes that permits the isolation of a single cavity mode sets the cavity length (with L = ), through Eq. 14.
ii) The required photon-pair bandwidth (e.g. determined by the bandwidth of the relevant atomic transition) determines the coefficient of finesse F (which for frequency degenerate, type-I SPDC will be the same for both generated photons, i.e. F ≡ F s = F i , through Eq. 13.
It is to be expected that in making the photon pairs increasingly narrow-band through a high-finesse nonlinear cavity, there will be a corresponding effect in the time domain. In order to investigate this effect, let us consider the joint temporal amplitudef SR (t + , t − ), defined as the Fourier transform of the joint spectral amplitude f SR (ω + , ω − ), expressed in terms of variables t ± , which are the Fourier conjugate variables of ω ± ≡ ω s ± ω i . From this, we obtain the joint temporal intensity |f SR (t + , t − )| 2 and the distribution of emission difference times between the signal and idler modes, which corresponds to the marginal distribution S − (t − ) = dt + |f SR (t + , t − )| 2 . The presence of the cavity implies that the signal and idler photons may be emitted at distinct times, corresponding to a different number of passes within the cavity. This is illustrated in Fig. 3(A) , which shows a plot of S − (t − ), calculated numerically, for the experimental parameters of Fig. 2 . This plot is composed of a series of peaks, where the peak separation corresponds to the cavity round trip time (at the SPDC frequency). The integer number label corresponds to the the number of cavity round trip times by which the idler photon emission from the cavity precedes the signal photon emission from the cavity. Note that, while the highest peak occurs at t − = t s −t i = 0, for a high-finesse cavity the heights of peaks will decay slowly, away from t − = 0. We define the photonpair correlation time t C as the width, expressed as the standard deviation, of the data set obtained from the peak maxima.
A higher coefficient of finesse (or higher mirror 2 reflectivity) will clearly result in a greater number of signal and idler photon passes through the cavity, translating into a more gradual reduction in the heights of peaks in the distribution of emission difference times. This leads us to a discussion of the main cost of approaching monochromatic photon pair emission through a high-finesse nonlinear cavity: as the finesse is increased, the correlation time t C also increases. In the monochromatic limit which corresponds to a perfect cavity with F → ∞, the photon pair character of the emitted modes is lost, i.e. the signal and idler modes are no longer temporally synchronized. This behavior is clear in Fig. 3 (B) which shows: i) the spectral width (full width at half maximum) of the central cavity-allowed mode δω, and ii) the photon-pair correlation time t C . We also note that a very short correlation time (e.g. at the femtosecond level) may be difficult to resolve experimentally with current technology. A nonlinear cavity may be used as an effective tool for the lengthening of this correlation time to a point where it may be experimentally resolved. As has been discussed above, the need to isolate a single cavity mode leads to an upper limit for the nonlinear cavity length, which in turn limits the source brightness. One way to transcend this limitation is by letting each pump pulse traverse the cavity multiple times, with each pass contributing to the source brightness. Thus, in the next section we consider doubly-resonant cavities, i.e. which are resonant for both the SPDC and pump modes.
III. DOUBLY-RESONANT CAVITY
In this section we analyze the two-photon state produced by a cavity which is resonant for both, the SPDC and pump modes. Later in this paper we will concentrate for simplicity on the case where the mirror 2 has a perfect reflectivity for the pump (and mirror 1 has a non-unity reflectivity) so that the pump pulses enter the nonlinear cavity from the left through mirror 1, and the generated photons exit the cavity through mirror 2 to the right. However, we present here an analysis which is valid for arbitrary pump mode mirror 1 and mirror 2 reflectivities. The pump-mode reflectivities are written as r 1p = |r 1p | exp(iδ 1p ) and r 2p = |r 2p | exp(iδ 2p ).
As in the previous section, it is helpful to consider an unfolded cavity, where the different sections of the unfolded cavity now correspond to each of the pump pulse passes through the cavity. Each pass of the pump pulse through the cavity leads to an amplitude g DR (ω i , ω s ), so that the 'total' joint amplitude resulting from all passes can be written as a sum over these individual amplitudes. Amplitude g DR (ω i , ω s ) incorporates the phase accumulated by the pump as it traverses the cavity j times, as well as the corresponding reduced pump pulse amplitude for the jth pass (through a power of r 1p r 2p ). For even j, it also includes the phase accumulated by the signal and idler photons as they traverse the cavity once so as to reach the next mirror 2 in the unfolded cavity. The amplitude g
, which describes the propagation of the signal and idler photons from the jth section of the unfolded cavity, onwards.
It is convenient to group the amplitudes g
where higher-order terms follow the above pattern, and in terms of the following definitions
In the above expressions, t 1p represents the pump-mode transmissivity of mirror 1, γ p represents the phase accumulated by the pump pulse in traversing the empty space between mirror 1 and the first face of the crystal, θ p = ω p (L − l)/c + k p (ω p )l is the phase accumulated by the pump in traversing the cavity once, and θ si ≡ θ s + θ i . We then arrive at the following expression for the joint spectral amplitude where we have taken into account the first 1 + 2n passes of the pump through the cavity.
We are of course particularly interested in the limit n → ∞, for which each pump pulse is allowed to traverse the cavity a sufficient number of times so that the intra-cavity pump amplitude becomes extinguished. In this case, the joint spectral amplitude becomes
We may then write an expression for the resulting joint spectral intensity for the doubly-resonant nonlinear cavity
where A s (ω) and A i (ω) have already been defined and where A p (ω) is an Airy function associated with the pump mode, and is given as follows
in terms of the coefficient of finesse for the pump pulse F p
and the phase factor ∆ p (ω)
In Eq. 20, P(ω i , ω s ) represents a phase balancing factor, which is given by
in terms of the phase term
From Eq. 20, in order to maximize photon pair emission probability at a given frequency pair {ω i0 , ω s0 }, we must ensure that: i) the cavity is resonant for the signal and idler modes; this corresponds to maximizing the Airy functions A s (ω) and A i (ω) at the frequencies ω s0 and ω i0 , ii) the cavity is resonant for the pump mode; this corresponds to maximizing the Airy function A p (ω) at the central pump frequency, and iii) the phase term ∆(ω i0 , ω s0 ) is made equal to an integer multiple of π. Physically, the last condition is fulfilled when the photon-pair amplitude corresponding to a given pass of the pump pulse through the cavity is in phase with the photon-pair amplitude corresponding to the subsequent pass of the pump pulse through the cavity. Note that the mirror reflection phases δ νµ (with µ = p, s, i and ν = 1, 2) may be chosen so that conditions i) through iii) are fulfilled at given desired frequencies for the three modes. Of course this translates into the engineering challenge of fabricating mirrors with specific reflection phases for each of the modes, which in principle can be achieved with layered dielectric mirrors where the values for all layer thicknesses are appropriately optimized. [14] .
In order to illustrate the discussion for the doubly-resonant cavity, let us present a specific example. We will assume a source identical to the example considered in the singlyresonant cavity section (see Fig. 2 ), except that the pump reflectivity for mirror 2 is made equal to unity, and that for mirror 1 is made equal to |r 1p | = 0.5. While a relatively low value for the pump-mode reflectivity is assumed for this illustration, in a realistic implementation a value much closer to unity is likely to be used. Fig. 4(A) shows the joint spectral intensity for the equivalent singly-resonant cavity, given by A s (ω s )A i (ω i )|f (ω i , ω s )| 2 . Fig. 4(B) shows the function A p (ω s + ω i ), composed of equal-height peaks oriented diagonally (each maximized at a constant value of ω s + ω i ). Fig. 4(C) shows the function P(ω i , ω s ), with a sinusoidal structure along the direction defined by ω s + ω i in {ω i , ω s } space. Fig. 4(D) shows the resulting joint spectral intensity for the doubly-resonant cavity. Fig. 4(E) shows the idlermode, single-photon spectrum given by the marginal distribution dω s |f DR (ω i , ω s )| 2 . Let us note that in the singly-resonant nonlinear cavity case, unless the joint spectral function f (ω i , ω s ) (obtained without a cavity) is unusually narrow-band, the resulting cavityallowed modes will be fully determined by the product of Airy functions A s (ω s )A i (ω i ). This implies that if a single cavityallowed mode is isolated with an appropriate spectral filter, the resulting two-photon state will be factorable, i.e. it will involve no spectral entanglement. and P(ω i , ω s ) are oriented diagonally in {ω i , ω s } space. In particular, if the pump-mode coefficient of finesse F p value is considerable, the diagonally-oriented peaks associated with the function A p (ω s + ω i ) will imply that the resulting cavityallowed modes become elongated in such a way that they exhibit spectral anti-correlation. In the limit of a perfect cavity for the pump (i.e. F p → ∞), strict spectral correlations between the signal and idler modes will be observed. This behavior is illustrated in Fig. 5 , where the three panels show the central (i.e. centered at the degenerate signal and idler frequency) cavity-allowed spectral mode for the same source as in Fig. 4 , except that the pump coefficient of finesse is chosen to take the values 2.45, or |r 1p | = 0.3, (panel A), 21.22, or |r 1p | = 0.65, (panel B), and 1520, or |r 1p | = 0.95, (panel C). It is clear from the figure that the spectral correlations become more pronounced as the pump-mode coefficient of finesse is increased.
IV. PHOTON-PAIR RATE OF EMISSION
As we have studied above, an important effect of the presence of an optical cavity around the nonlinear medium can be a drastic reduction of the emission bandwidth, at the cost of increasing the correlation time. In this section we study the effect of the presence of the cavity on the source brightness, defined as the number photon pairs emitted per pump pulse. We will study this effect both in the singly-resonant and doubly-resonant cases.
It may be shown that the source brightness is given by the following expression
(26) where U is the pump pulse energy, the function S(ω i , ω s ) is the joint spectral intensity to be replaced by the function S SR (ω i , ω s ) for the singly-resonant cavity case and by the function S DR (ω i , ω s ) for the doubly-resonant cavity case; b is a function of experimental parameters such as the nonlinear cavity length and the crystal nonlinearity; a prime denotes a frequency derivative.
Let us first discuss the singly-resonant nonlinear cavity case. From section II, we know that the presence of the cavity leads to the factor A s (ω s )A i (ω i ) in the joint spectral amplitude. This factor means that photon-pair emission takes place at well-defined, cavity-allowed spectral modes. While the width of the peaks which define the cavity-allowed modes decreases with the coefficient of finesse (see Eq. 13), the height of the peaks, given by |t 2µ | 2 /(1 − |r 2µ |) 2 = (1 + |r 2µ |)/(1 − |r 2µ |), increases with the reflectivity of mirror 2 (or equivalently with the coefficient of finesse). This means that if the pump envelope function α(ω i + ω s ) overlaps one or more of the cavity-allowed modes in {ω i , ω s } space, the resulting probability amplitude for frequencies within one of these modes can be much higher than it would be without the cavity. However, for a fixed pump pulse energy U , as the pump bandwidth is increased, the pump energy must be distributed over a greater range of frequencies; if some of these pump frequencies ω p with an associated locus ω p = ω s + ω i in {ω i , ω s } space do not overlap cavity-allowed modes, they do not contribute to photon pair emission. A consequence of this is that for a sufficiently large pump bandwidth (σ ∆ω/ √ 2 ln 2, where ∆ω is the spectral separation between cavity-allowed modes, see Eq. 14), the lower probability amplitude obtained without a cavity over a large bandwidth results in essentially the same source brightness compared with the higher probability amplitude obtained within narrowband cavity-allowed modes, obtained in the presence of the cavity.
Importantly, this means that, for a sufficiently large pump bandwidth, the joint spectral intensity given by function |f (ω i , ω s )| 2 (obtained without a cavity) is re-distributed in {ω i , ω s } space by the presence of the cavity to yield the cavity-modified joint spectral intensity S SR (ω i , ω s ), without a resulting reduction in the emitted flux. This should be compared with an identical source, except with the cavity removed, where photon pairs are transmitted through a filter with a spectral transmittance function which matches that associated with the nonlinear cavity previously considered. Mathematically, this corresponds to a transmittance function A (ω s )A (ω i ), normalized to a unit height. Note that this could be implemented with an appropriate (empty) optical cavity placed following the nonlinear crystal. In this case, only those frequency pairs which match the allowed modes are retained and other frequency pairs are discarded. This of course leads to a considerable reduction of the photon-pair flux. Note that in the limit where the filter-allowed modes are monochromatic (i.e. for a high-finesse cavity filter), the transmitted flux approaches zero, because a vanishing portion of the two photon state matches the filter-allowed modes. Thus, the essential advantage of incorporating the cavity at the source itself, is that rather than generating a certain bandwidth and retaining only specific narrow-band modes (the situation which corresponds to standard filtered SPDC), we can engineer the source so that only certain narrow-band modes are generated in the first place. This leads to an important flux enhancement.
However, the use of a singly-resonant nonlinear cavity permits us not only to maintain, but in fact it permits us to exceed, the flux obtained with an equivalent source without a cavity (while of course reducing the SPDC emission bandwidth). Indeed, if as the coefficient of finesse is increased leading to a reduction of the bandwidth of the cavity-allowed modes, the pump bandwidth is also reduced so that σ ≈ δω/ √ 2 ln 2 is fulfilled, then all the frequencies present in the pump pulses contribute to photon pair generation at the higher probability amplitudes possible within the cavity-allowed modes. This implies an important source brightness enhancement, over the brightness associated with an equivalent source without a cavity. Furthermore, this enhancement is controlled by the reflectivity of mirror 2 : higher values of the reflectivity lead to a greater brightness enhancement. As we will see below, if the pump bandwidth σ is selected appropriately, a singly-resonant cavity can lead to a dramatic source brightness enhancement in the high-finesse limit where |r 2 | → 1.
Let us consider for reference the source brightness dependence vs pump bandwidth for the equivalent source without a cavity. If all the frequencies present in the pump pulses are phasematched (i.e. if the phasematching function is broader than the pump envelope function), then as the pump bandwidth is increased, function |f (ω i , ω s )| becomes broader (along the direction ω s +ω i in {ω i , ω s } space) linearly with σ. The factor 1/σ in Eq. 26 then implies that within the phasematching bandwidth (for σ σ pm where σ pm is the phasematching bandwidth), the source brightness shows essentially no dependence on the pump bandwidth, or equivalently on the pump pulse duration. Note that this insensitivity to pump bandwidth means that for SPDC the number of photon pairs produced depends on the incident pump energy, rather than on the instantaneous pump power.
In order to illustrate the above discussion, let us consider the source of figure 2, except that the pump bandwidth and the mirror 2 reflectivity are allowed to vary. Figure 6(A) shows the source brightness vs pump bandwidth, calculated numerically, for the equivalent source without cavity (black curve with square markers) showing, as expected, essentially no dependence on σ. Note that the numerical brightness calculations presented here assume that the factors k ω/n 2 in Eq. 26 are well approximated by the corresponding numerical values when evaluated at the central SPDC emission frequency. The curves are also normalized so that unity corresponds to the source brightness for the equivalent source without cavity, for small σ. Figure 6 (A) also shows the dependence of the source brightness on the pump bandwidth, calculated numerically, for a singly-resonant cavity with three different values for the mirror 2 reflectivity (|r 2 | = |r 2s | = |r 2i | = 0.5, 0.7, 0.9; the corresponding curves from low to high values are colored blue (dot-dashed line), orange (dashed line) and brown (continuous line) respectively). It is evident from the figure that as the pump bandwidth is decreased in value, at a certain point, the source brightness for the singly-resonant cavity begins to exceed the brightness of the equivalent source without a cavity. At this point the pump bandwidth corresponds to the spectral separation between cavity modes, i.e σ = ∆ω/ √ 2 ln 2. As the pump bandwidth σ is reduced further, around the value for σ which corresponds to the width of a cavity-allowed mode, the source brightness reaches a plateau. The maximum attainable brightness (i.e. within this plateau) is controlled by the reflectivity of mirror 2 (or equivalently by the coefficient of finesse of the cavity): this enhancement increases as the mirror 2 reflectivity is increased. The resulting dependence of the optimum source brightness vs mirror 2 reflectivity is shown in Figure 6 (B). For |r 2 | approaching unity, this enhancement scales as 1/(1−|r 2 |), so that in principle the brightness can increase without limit upon increasing the singly-resonant cavity coefficient finesse and reducing the pump bandwidth correspondingly. Of course, in practice this will be limited by how large the coefficient of finesse (or the mirror 2 reflectivity) can be made.
The above discussion makes it clear that a singly-resonant nonlinear cavity can lead to an important source brightness enhancement (coupled with a drastic reduction in the emission bandwidth) compared to the equivalent source without a cavity. It is to be expected that if the cavity is doubly-resonant so that each pump pulse traverses the cavity multiple times contributing to the photon pair emission probability with each pass, the source brightness should increase further. In what follows, we will explore the behavior of the source brightness with respect to experimental parameters of the doublyresonant nonlinear cavity.
The joint spectral amplitude for a doubly-resonant nonlinear cavity differs from that for the singly-resonant nonlinear cavity in the appearance of the factor A p (ω s + ω i )P(ω i , ω s ). The multiple passes of the pump pulses through the cavity are reflected in the magnitude of the numerical factor in front of the Airy function A p (ω s + ω i ), which increases with the coefficient of finesse for the pump. As we have already discussed in section III, increasing the pump coefficient of finesse also leads to the appearance of signal-idler spectral correlations, within a given cavity-allowed mode, as governed by the width of the Airy function A p (ω s + ω i ). While each cavity-allowed mode has a factorable spectral distribution in the singly-resonant cavity case, it may have a highly elongated shape for the doubly-resonant case, where the degree of elongation is controlled by the pump coefficient of finesse. The reduced width of the cavity-allowed modes along the direction ω s + ω i in {ω i , ω s } space implies that the pump bandwidth used for the optimum SPDC brightness should be reduced as the pump coefficient of finesse is increased (otherwise, some pump frequency components will not contribute to photon-pair generation, reducing the attainable brightness). We note that this is consistent with the fact that for a sufficiently large pump bandwidth (or correspondingly, for sufficiently short pump pulses as compared to the cavity round-trip time), and for a high finesse cavity, the incident pump pulses will tend to be reflected off mirror 1 of the nonlinear cavity before photon-pair emission can take place, thus essentially suppressing photon-pair generation.
In order to illustrate the effect of making the cavity resonant for the pump mode, in addition to the signal and idler modes, figure 7(A) shows the source brightness vs the reflectivity of mirror 1 for the pump mode, for three different choices of the pump bandwidth σ (σ = 2 × 10 11 , 3.5 × 10 11 , 5 × 10 11 Hz). Here, a source characterized by r 1p = 0 approaches the singly-resonant case (however, it is not exactly equivalent since the doubly-resonant cavity with r 1p = 0 leads to two passes through the crystal instead of only one for the singlyresonant cavity). The curves have been normalized to the source brightness obtained at r 1p = 0. The source brightness enhancement due to the double resonance is clear from Fig. 7 . The value σ = 5 × 10 11 Hz assumed for one of the curves corresponds roughly to the largest pump bandwidth within the area which yields the optimum bandwidth for the corresponding singly-resonant cavity [see Figure 6 (A)]. As we expect from the discussion in the previous paragraph, a reduction of the pump bandwidth matching the reduction of the cavityallowed mode width along the direction ω s + ω i in {ω i , ω s } space leads to an increased source brightness. Of course, in the limit where the cavity is perfectly resonant for the pump mode, i.e. where r 1p = 1, then the pump pulse cannot enter the cavity in the first place, and the brightness must drop to zero. This expected drop in brightness is shown in figure 7(B) , which is similar to panel A, except that it concentrates on very large reflectivities |r 1p |. 
V. A SPECIFIC SOURCE DESIGN
In this section we present a 'recipe' for the design of a photon-pair source based on a singly-resonant cavity, where one of the two SPDC modes can be coupled to a specific transition of an atomic system. Note that this implies matching both the central frequency and bandwidth of the atomic transition to those of those of one of the two SPDC modes. We also provide a specific example as an illustration for the D 5/2 − P 3/2 transition of the 40 Ca + ion, which is centered at 854.2nm, with a width of ∼ 20MHz. The recipe consists of the following six steps.
1. The frequency for the signal photon is selected to match the central frequency of the desired atomic transition. In our illustration, this central frequency is ω s0 = 2πc/λ s , with λ s = 854.2nm.
2. The central frequency of the pump laser is selected according to experimental constraints. In our illustration, we assume a central pump frequency ω p0 = 2πc/λ p0 , with λ p0 = 400nm. This also defines the central idler frequency, ω i0 = ω p0 − ω s0 , corresponding to a wavelength of λ i = 752.26nm.
3. Once the central frequencies for all three modes are known, we select a specific type of nonlinear crystal and select the crystal cut angle so that phasematching is fulfilled at these frequencies, in other words so that
In our illustration we use a BBO crystal with type-I phasematching, resulting in a crystal cut angle θ pm = 29.1 • .
4. We select the nonlinear cavity length and therefore also the crystal length (with L = ) through Eq. 14 so that the spectral separation between two subsequent cavity modes is greater than a certain threshold ∆λ max which is considered to represent the smallest spectral separation that permits the isolation through appropriate spec- tral filtering of a single cavity-allowed mode. In our illustration we assume ∆λ max = 0.5nm, which leads to a cavity length of L = 220µm .
5. Equating the bandwidth of the atomic transition (in our case 2π × 20MHz in angular frequency) to the signalmode SPDC bandwidth defines through Eq. 13 the required mirror 2 reflectivity. In our illustration, this leads to a mirror 2 reflectivity |r 2 | = 0.9999, corresponding to a coefficient of finesse given by F = 4 × 10 8 . Note that while this is undoubtedly a large finesse, it is within current experimental capabilities.
6. In order to take advantage of the brightness enhancement made possible by the singly-resonant cavity, we select the pump bandwidth σ so that σ δω/ √ 2 ln 2, which defines the spectral width of each cavity-allowed mode. In our illustration, this corresponds to σ 106.7 MHz. Note that if the pump bandwidth is greater than this value, the spectral characteristics of the emitted photon pairs will not be affected, though the source brightness will be lower than the largest attainable value.
Figure 8(A) shows the joint spectral intensity, plotted as a function of the spectral detunings ν s = ω s − ω s0 and ν i = ω i − ω i0 , for the above illustration. Figure 8 (B) shows a plot of the corresponding signal-mode single-photon spectrum. As required, the signal photon is centered at λ = 854.2nm, and the idler photon is centered at λ = 743.9nm. Also, the bandwidth of the signal mode is, as required, close to 20MHz. Although of course the source brightness could be increased further by making the cavity doubly-resonant, we have not included that possibility in this illustration.
VI. CONCLUSIONS
We have studied the generation of photon pairs through the process of spontaneous parametric downconversion in a nonlinear cavity, formed by a nonlinear crystal surrounded by mirrors. We have studied two different regimes: i) that of a singly-resonant cavity where the signal and idler modes are resonant in the cavity, and ii) that of a doubly-resonant cavity where the pump is also resonant in the cavity. In both cases we have studied the spectral properties of the generated photon pairs as a function of the nonlinear cavity parameters. We have shown that in the presence of the cavity, emission takes place in spectrally well-defined modes. These modes are characterized by a width which scales as F −1/2 where F is the coefficient of finesse for the SPDC photons. Thus, a high-finesse cavity leads to narrowband photon-pair emission, which may be exploited for the implementation of photon-pair sources tailored for coupling with a specific transition of an atomic system. We have shown that this is achieved at the cost of an increased photon-pair correlation time: in the limit of a perfect cavity, the emission modes lose their photon-pair character since the signal and idler photons are no longer correlated in time.
We have also explored the effect of the cavity on the source brightness: we have shown that for a sufficiently large pump bandwidth, the source brightness remains unchanged with respect to the equivalent source without a cavity. However, we have shown that if the pump bandwidth is small compared to the spectral separation between cavity-allowed modes, the source brightness is enhanced with respect to the equivalent source without a cavity, and this enhancement is a monotonically-increasing function of the coefficient of finesse. We have shown that making the cavity doubly-resonant leads to the appearance of spectral correlations in each of the cavity-allowed modes; in the limit of a perfect cavity (for the pump), the signal and idler photons become perfectly correlated in frequency. We have shown that a doubly-resonant cavity can result in an enhanced source brightness with respect to the equivalent singly-resonant cavity; this is due to the fact that the pump pulse can now traverse the nonlinear medium multiple times, in each pass contributing to the photon-pair emission probability. As the coefficient of finesse for the pump mode is increased, the pump bandwidth must be reduced accordingly in order to reach the optimum brightness. Considering: i) the additional engineering challenge of building a doubly-resonant, vs a singly-resonant cavity, and ii) the very substantial source brightness enhancement attainable with a singly-resonant cavity, experimental implementations could reasonably concentrate on the singly-resonant case. We believe that this paper will be useful for the design of narrowband photon-pair sources, a key component for efficient light-matter interfaces.
